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Laplace Transform

Definition of Laplace Transform

X(s) = Lx(®)] = J-OO x(t)e stdt

Laplace Transform common pairs

Definition of Inverse Laplace Transform

1 o+ joo
x(t) = L7X(s)] = E-[ ' X(s)estds
g—joo

Input x(t) Output X(s) ROC
6(t) 1 whole s-plane
u(t) 1 Re[s] >0
s
t-u(t) 1 Re[s] >0
s2
e %y(t),a >0 1 Re[s] > —a
s+a
cos (wt)u(t) S Re[s] >0
52 + w?
sin (wt)u(t) w Re[s] >0
52 4+ w?
e~ cos(wt)u(t), a>0 sta Re[s] > —a
(s +a)?> + w?
e~ sin(wt)u(t), a>0 w Re[s] > —a
(s +a)? + w?
te~at 1 Re[s] > —a
(s +a)?
1—e™ % a Re[s] > —a
s(s+a)
t2 2 Re[s] >0
s3
tN N! Re[s] >0
SN+1

Causal vs anti-causal Laplace Transforms

Causal Anti-causal

X (s) = L[xc(t)]

Nothing special.

Xac(s) = Llxgc ()]s

That is, to find an anti-causal Laplace transform of a signal, replace t
with —t, compute the Laplace transform as normal, then replace
every s with —s in the expression.



Laplace Transform properties

Causal functions and constants

ax(t), By (t)

aX(s),BY(s)

Linearity ax(t) + By(t) aX(s) + BY(s)
Right shift in time x(t — a)u(t — a) e %X(s)
Frequency shifting e*x(t) X(s—a)
Convolution in the time-

x1(t) * x5 (t) X1(s)X2(s)

domain

Convolution in the s-domain x1(t)x,(t) X1(s) * X5 (s)
Multiplication by t tx(t) — ax(s)
ds

n
Multiplication by t™ t"x(t) (-D" w

dsm

o 1 o
Division by t Ex(t) f X(u)du
N

Multiplication by a Sinusoid

x(t) cos(wt)

x(t) sin(wt)

%[X(s +jw) + X(s —jw)]

2 X +j0) = X(s — jw)]

1st Derivative d);(tt) sX(s) —x(07)

2
2nd Derivative ddxt(zt) s2X(s) —sx(07) — x'(0)

N
Nth Derivative ddxf/t) sNX(s) — TNz x O (0—)sN -1k

t
Integral of a causal signal f Ot_x(/l) da X(s)
s
Expansi tracti t),a # 0 L x (S)
xpansion/contraction x(at), a X g

Initial value theorem

x(0) = limg_,0 5 - X(5)

Final value theorem

lim;_ 0 x(t) = limg_,qs




Fourier Transform

Definition of Fourier Transform
X(w) = Fx(t)]

J- x(t)e J@tdt

f x(t)e J2rtqdt

(Chaparro) Fourier Transform common pairs

Definition of Inverse Fourier Transform

x(t) = FH X (w)] %f:: X(w)eltdw

fm X(f)el?™tdf

—00

Input x(t) Output X (w)
6(t) 1
S(t—1) e Jot
! + d
u(t) jo 8 (w)
t s
Ut o o+ T
i 2 0.5 2
sign (t) = 2[u(t) - 0.5] o
A -0 <t<oo 21Ad (w)
A
Ae™%y(t),a >0 -
jo+a
Ate™*u(t),a >0 4
’ (o + a)?
2a
e ¥t a>0 _
a? + w?

cos(wyt), —oo <t <o

sin(wgt), — 0 <t <o

p(t) =Au(t+7)—u(t—-1)]t>0

sin (wyt)

it

x(t)cos (wgt)

[6(w — wy) + 6(w + wy)]

—jr[(w — wp) — §(w + wp)]

sin (wT)

(07)

T

P(w) = ul(w+ wy) —ul(w — wg)

0.5[X (w — wgp) + X (w + wg)]



(Chaparro) Fourier Transform Properties

Signals and constants

x(®),y(0),z(t), @, B

X(w),Y(w), Z(w)

Linearity ax(t) + By(t) aX(w) + Y (w)
. . . 1 (l)

E.xpansmn/contractlon in x(at),a £ 0 ~ 5 (_)

time la| ‘o

Reflection x(—t) X(—w)

Parseval's energy relation

Ee =2, |x(0)|dt

1 o
Bx = 5 7, 1X(@)do

Duality X(t) 2nx(—w)
Time differentiation d:l:r(f), nx=>1 (Jw)"X(w)
dXx
Frequency differentiation —jtx(t) d(w)
w

. t Nt X(w)
Integration J_ x(t)dt o + X (0)6(w)
Time shifting x(t — a) e X (w)
Frequency shifting e/@otx(t) X(w — wy)
Modulation x(t)cos (w.t) 0.5[X(w — wy) + X(w + w,)]

Periodic signals

x(t) = Yy Xyelkeot

X(w) =Y2nX 6 (w — kwy)

Symmetry

x(t) real

1X ()] = [X(—0)]
2X(w) = —2X(—w)

Convolution in time

z(t) = [x"y](®)

Z(w) =X(w)Y(w)

1
Windowing/Multiplication x()y(t) o [X *Y](w)
T
Cosine transform x(t) even X(w) = fjooox(t)cos (wt)dt, real
Sine transform x(t) odd X(w) =—j f_mm x(t) sin(wt) dt, imaginary




(Lathi/Ding) Fourier Transform Common Pairs (Table 3.1)

Input g(t) Output G (f) ROC
_ 1
1 e atu(t) PN PRy a>0
2 eUy(—t) o a—jlznf a>0
- 2a >0
3 e o e ¢
4 te"u(t) o _ a>0
(a+j2mf)?
_ n!
5 te atu(t) o @ a>0
6 §t) o 1
7 1 o §(f)
8 et o §(f — fo)
9 cos2mfot < 05[6(f + fo) +5(f — fo)l
10 sin2mfot < jOS[6(f + fo) — 6(f — fo)l
1 1
11 u(t) < 55(f)+j2—nf
12 t 2
SEN L s
1 j2nf
13 cos2rifotu(t) < Z[Mf‘fo)"‘“f"‘fo)]"‘m
) 1 21fo
14 sin2nfotu(t) < :j[a(f_fo)—a(f+fo)] +m
_ . 2T >0
15 e~ sin2nfytu(t) o m @
_ a+j2nf
16 e~ cos2nfytu(t) © (@t znry2eanise a>0
t
17 I (;) < tsinc (nfT1)
18 2Bsinc (2nBt) < 11 <L)
2B
t T nfT
19 8z) = gsne ()
7 © 5 sinc 3
20 Bsinc? (mBt) © A (L)
2B
1
21 Yn=—wb(t=nT) o fo¥n-_o6(f —nfy) fo=7
22 e—t?/20* & O.me—z(anf)z
1
23 g cos@rfot) < G +fo) + G(f ~ fo)]
t
24 I (;) < 1sincg (f1)



(Lathi/Ding) Fourier Transform Properties (Table 3.2)

Superposition 91() + 92(8) G (f) + G2(f)
Scalar Multiplication kg(t) kG(f)
Duality G(t) 9(=f)

1 _(f
Time scaling g(at) m G (a)
Time shifting gt —ty) G(f)eJ2fto
Frequency shifting g(t)el?mht G(f —fo)
Time convolution 91(8) * g2 (1) G1 ()G (f)
Frequency convolution 91(1)g2(8) G1(f) * G2(f)
Time differentiation d;igt) G2rf)"G(f)
Time integration f_toog(x) dx @ + % G(0)5(f)

jerf




Fourier Series

1. Trigonometric Fourier Series

gt) = ay+ a;cos (wgt) + aycos Rwyt) + -«
+b151n (a)ot) + bZSIH (Za)ot) + b

gt) = ay + Yo, (a, cos(nwyt) + by, sin(nwyt)) t,<t<t;+T,
—> _ 2n
wy = 21fy = T,
fo = 1
0 T,
Coefficients
_ lf BT n=123,..
ap = TO ty g( )

t1+To

2
a, = T_Offl g(t)cos (nw,t) dt

n=123,.

t1+To

2 .
b, = T_Oftl g(@) sin(nw,t) dt

2. Compact Fourier Series

gt) =Co+ Y-, C, cos (n2mfut + 6,) L <t<t;+T,

C0=a0

C, =+/a2+ b?
—b
en = tan'l( ann)

Coefficients for periodic signals with period T,

1
@ =7 [7,9(0)dt

2 n=1273,..
a, = T—fTOg(t) cos(n2mfyt) dt
0

2 =
by = [ 1, 9(8) sin(n2mfyt) dt n=123.
0

(2.73a)

(2.73b)

(2.76)

(2.79)

(2.83%)



3. The exponential Fourier Series

g(t) = Xro_oDpelm ot (2.90)
= 5o Dye mot

Coefficients (amplitudes)

1 B (2.91)
D, = T—OfTOg(t)e nzmfot gt



Definition of Z-transform

[ee)

X(2) = Z x[n]-z™"

n=-—oo

N

X@) =Y xln]- )"

n=0

(If x[n] has finite support: 0 to N)

Z-Transform common pairs

Z-Transform

Definition of Inverse Z-transform
1
— — . on—1
x[n] = x[n] —jzan(z) z"tdz

Input x[n] Output X(z) ROC
é[n] 1 Whole z-plane
1 |z| > 1
un
[l —
771 2| > 1
nuln] =71
2 z7'(1+z7) |z] > 1
n“uln] (1—2z1)3
1
a™uln], la| <1 _— 121 > lal
1—az?
az™ ! z| > |a
na™u[n], la| <1 —_— ] > lal
1-az™)
(wym)ufn] 1 — cos (wy)z™?! |z| > 1
cos (won)uln 1—2cos (wg)z=t +2z72
in (0ym) sin (wgy)z™?! |z| > 1
sin (@on)u(n] 1 —2cos (wg)z t + 272
1 — acos (wy)z™? |z > 1
n , <1
a’cos (wonJuln], |l 1 — 2acos (wy)z™! + a?z72
asin (wg)z™?! |z| > ||

asin (won)uln], |a| < 1

1 — 2acos (wy)z™! + a?z72
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Z-Transform properties

1. Right shift in time of -q.
x[n] - u[n] xnl-uln = ql 2
2. Right shift of x[n]t x[n—1] z71-X(2) + x[-1]
x[n — 2] 772 X(2) + x[-2] +z71 - x[-1]
x[n—ql z79-X(2) +x[-ql +z71 - x[—q+ 1] + - + 2791 x[-1]
z7%-X(z) (ifx[n] = 0 for negative n)
3. Left shift in time x[n+ 1] z-X(z)—x[0] -z
x[n + 2] 7% - X(z) —x[0] - 22 — x[1] - z
dX
4. Multiplication by n n - x[n] —Z- dEZ)
ax d*x
n? - x[n] z- diZ) + 22 dZ(ZZ)
Z
5. Multiplication by a™ a™ - x[n] X (—)
a
6. Multiplication by L
cos(wn) and sin(wn) cos(wn) - x[n] 3 [x(e/® - 2) + X(e7I® - 2)]
sin (wn) - x[n] ]E[X(ejm z) = X(eJ - 2)]
7. Summation x[n] =
0forn=-1,-2,-3,. S 4
. _ Z x[i] - X(2)
i.e., a causal signal. = z—1
8. Convolution x[n] x v[n] X@) V(@)

1 Shades of grey on this one. I saw this formula in class, so I frantically copied it down, but it is not in
the book. Hopefully its right.
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DTFT

(Discrete-Time Fourier Transform)

DTFT common pairs

Output X(e/®)

Input x[n] periodic of period 21 ROC
8[n] 1 —-T<w<mw
A 2mAS (w) —nt<w<®m
eJwon 28 (w — wq) -T<w<mw
1
a™u[n], |a] <1 _— —T<w<mw
1—aeJ®
—jw
na™uln], |a| < 1 L. —T<w<mw
(1 — aejw)2
cos (won)u[n] [6(w — wg) + §(w + wy)] —nm<w<Tm
sin (won)u[n] —jr[6(w — wy) + §(w + wy)] —n<w<Tm
il 1—a?
a™ al <1 —TSw<T
1 — 2acos (w) + a?
B +N/2 N/ sin (w(N + 1)/2) cw<
1 — acos (wy)e /@
a™cos (won)u[n] ( .0) . —T<w<mw
1 — 2acos (wg)e 1@ + a?e—2J
. —jw
asin (won)uln] asin (wo)e —nT<w<mw

1 — 2acos (wy)e /@ + aq2e~2jw
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DTFT properties

Z-transform

x[n],X(2),|z| =1 € ROC

X(e?) = X(2)|,_pjo

Periodicity x[n] X(e/®) = X(e/@*+2™)) k integer
Linearity ax[n] + By[n] aX(el®) + pY (e/®)
Time-shifting x[n — N] e JONX (eJ®)

Frequency-shift x[n]e/@on X(e/(@-w0))

Convolution (x *y)[n] X(el®)Y (e/®)

T . 1 s o i(w—0
Multiplication x[n] - y[n] ﬂf—nx(ej )y(ej(w ))dg
Symmetry x[n] real-valued |X (e/*)| even function of w

2X(e/®) odd function of w
Parseval's , 1 .z N2
) _ jw
relation Zn:oo |X[n]| - 27_[ f_n_|X(€ )| dw
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